It has been demonstrated that the effective potential V (φ) in a massless O(N) λφ 4 4 model is determined completely by the renormalization group functions provided the renormalization condition d 4 V dφ 4 | φ=µ = λ is used. This is shown to also hold in massless scalar electrodynamics. By employing a variant of the method of characteristics, the sums contributing to the leadinglog, next-to-leading-log etc. contributions to V (φ) can be evaluated.
Introduction
Massless scalar quantum electrodynamics (MSQED) has the Lagrangian
The effective potential V (φ) [1, 2, 3, 4] in this model can be computed perturbatively in a variety of ways. If the "on shell" renormalization condition
is used, one always ends up with V (φ) being given by
where α = e 2 , L = ℓn φ 2 µ 2 , and µ 2 is the renormalization group (RG) scale appearing in eq. (2) . For V to be independent of µ 2 , it must satisfy the RG equation
Here, β λ , β α and α are the renormalization group functions
In ref. [5] it is shown how for a massless O(N)φ 4 4 model with a single coupling λ, the renormalization condition of eq. (2) and the RG equation serve to fix V completely. We now extend this to deal with the situation occuring in MSQED where two couplings λ and α occur. It will be shown how together eqs. (2) and (4) again determine V (φ) without need of further calculation. We first define
As a result, eq. (3) can be written
with the contributions
. . .
giving the leading-log, next-to-leading-log etc. corrections to V .
First, we find that substitution of eq. (9) 
the tree level result.
We now substitute eqs. (5-7, 9) into eq. (4) to obtain
Since p k n , β λ n , β α n and γ n are all polynomials of degree n in λ and α , we can obtain coupled equations that express each of the p k n in terms of β λ n , β α n and γ n . This is done by requiring that eq. (15) be satisfied order-by-order in L k and in n r=0 c r λ n−r α r . These equations are first order partial differential equations whose boundary conditions are provided by eq. (13).
For example, at second order in the couplings and order zero in L, eq. (15) leads to
This fixes p In general, at order (n + 2) in the couplings, and order n in L, we find that
so that all of the contributions to V LL in eq. (10) 
which finally fixes all contributions to V N LL in eq. (11) in terms of β We now show how the sums appearing in eqs. (10, 11) for V LL and V N LL can be evaluated in closed form. We adapt the method of characteristics [6, 7] , much as was done in refs. [8, 9] This first entails defining
where 
Together, eqs. (18, 24) show that
We now define
with
From eqs. (10, 21-23, 26-28) it follows that
We see that eqs. (24, 25) lead to
so that eq. (26) becomes
Furthermore, eqs. (21-23, 29) reduce eq. (31) to
Having found this closed form expression for the leading-long contribution to V (φ), we turn to the next-to-leading log contribution of eq. (11) . The first step is to define
We now note that eqs. (20, 24, 25) together show that
Iterating eq. (34), we obtain
Repeating this n times and using eq. (30) we find
converts eq. (36) to the form
where
Eqs. (33, 38) lead to
It is evident that
and so V N LL of eq. (11) is
As a result, we see that if β Knowing the RG functions that are consistent with the renormalization condition of eq. (2) allows one to use eq. (13) to determine p 0 n . However, the RG functions are generally computed in the minimal subtraction (MS) scheme. It has been shown in refs. [5, 6] how to relate the RG functions in these two renormalization schemes.
The form of the effective potential in the MS scheme is the same as that of eq. (3) except that now L is given by ln 
and hence
As a result
(46)
so that the RG functions in the two schemes can be related.
The approach to the RG improvement of the effective potential in MSQED outlined above can hopefully be applied to the massless (conformal) limit of the standard model. This would improve upon the analysis of refs. [10, 11, 12] leading to a more accurate predictions of the mass of the Higgs Boson.
